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Quantum Charged Non-Linear Nano-String
and Quantum Vacuum
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The classical and quantum dynamic of a non-linear charged vibrating string and its
interaction with quantum vacuum field is investigated. Some probability amplitudes
for transitions between vacuum field and quantum states of the string are obtained.
The effect of non-linearity on some probability amplitudes is investigated and finally
the correct equation for string containing the vacuum and radiation reaction field is
obtained.
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1. INTRODUCTION

In QED a charged particle in quantum vacuum interacts with the vacuum field
and its own field known as radiation reaction. In classical electrodynamics there is
only the radiation reaction field that acts on a charged particle in the vacuum. The
vacuum and radiation reaction fields have a fluctuation—dissipation connection
(Milonni, 1994) and both are required for the consistency of QED. For example,
the stability of the ground state, atomic transitions and lamb shift can only be
explained by taking into account both fields. If self reaction was alone the atomic
ground state would not be stable (Faria et al., 2004; Milonni, 1994). In some
cases the self reaction effects can be derived equivalently from the corresponding
classical radiation theory (Dalibard et al., 1982). When a quantum mechanical
system interacts with the quantum vacuum of electromagnetic field, the coupled
Heisenberg equations for both system and field give us the radiation reaction field.
For example, it can be shown that the radiation reaction for a charged harmonic
oscillator is %, (Faria et al., 2004; Milonni, 1994). One method for generating
coherent states is by interacting a classical current source with the quantized
electromagnetic field, where the probability P, for emission of n photons when
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neither the momenta nor the polarization are observed is a Poissonian distribution
(Itzykson, 1985). In this paper,we investigate the quantum dynamics of a non-
linear nano-scale charged string and its interaction with the quantum vacuum
field. The effect of non-linear term on probability amplitude for some transitions
are investigated. In the last section, the radiation reaction field for the quantized
vibrating string is derived and it is shown that the correct equation for string
contains the vacuum as well as the radiation.

2. QUANTUM NON-LINEAR DYNAMICS OF A NANO
VIBRATING CHARGED STRING

Consider a nano-string with length L on x-axis and let’s apply the periodic
boundary conditions. The mechanical wave function y(x, ¢) of this string satisfies
the following non-linear equation

9y %y oy Py (8_y>2

a2~ U ox2 T 20x2 \ox

where y and v are constants depending on the string. This equation can be obtained
from the following Lagrangian density

1/ay\> 1, [0y ay\*
£ == LA T Z? Y _ Y (¥ ; )
2\ ot 2 x 24 \ ox
the canonical momentum density corresponding to y(x, t) is

oL _oy(x, 1)

ey

(x, 1) = = 3
R TF R R )

and the canonical quantization rule is (Greiner, 1996)
[y (x, 1), y(x', )] = —i8(x — x") “)

The Lagrangian density (2) give us the Hamiltonian

L 72 1,y 1 [ay\*
Ho= [ dar[Z 42 (2) 45 (2) ). 5
() /0 x<z+2v (8x>+24y<8x> ©)
i2mnx

By expanding y(x, t) and 7, (x, ¢) in terms of orthogonal periodic functions e T

+00 , +oo .
=Y Qe m@n= Y GO ©
n=—00 e —00

and using (4) we find the following commutation relations

[Ca(t), Cou(t)] = %sn,fm [Ca(0), Cou ()] = ’Za %)
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because of hermiticty of operators y(x, ¢) and 7, (x, t) we find from (6),
Cloy=C,@), Clo)=C,@), ®)
now we rewrite the Hamiltonian (5) in terms of C,,’s

Hs(t) = Hi; + Hy,

L +oo 1- L —+00
_L s et L 20 o
His = 5 > GG+ > > wrC,Cf

n=—00 n=—00
+o0
Hyy = — Z Mn,s,tCnCsCtC;;r+5+[
n,s,t=—o0
ity
Mn,s,t = 3L3 I’lS[(I’l + s+ t) (9)
where w, = Z”Lﬂ Hamiltonian (9) give the Heisenberg equations for C;’s
+00
Ci+a?C; = Y L,CCCl,
§,1=—00
81ty .
Ly, =— L8 St(s +1— j) (10)
Let us define the operator 0 (1), for any operator O° in Schrodinger picture as
O(t) = 't s it (1)
so in the special case for the operators C, (¢) we have
Co(t) = €5 C,(0)e e = BT /' 4 B/, (12)
T

where we have used from (8). New operators B, and B.,, are annihilation and

—ns

creation operators of phonons of type |n), i.e, with the wave function \/Lze(znT"x)
and satisfy the following commutation relations

)
B,,Bl]= 2", 13
[B.. B,] Lo, (13)
A state with j phonons in fock space with the corresponding modes, s1, 52, . .., §;,
is denoted by [sy, 52, ..., s;), such that
1 J
Bm|S1,S2,...,Sj> = mrgl:(sm,s,lslv~--asr—lasr+1’~--asj>a
t 1
B)Ist,82,...,8)) = ——=——=Im, s1,...,5}), (14)

2Lw,,
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substituting C,(0) = 5,1(0) from (12) in (9), gives the Hamiltonian H{ in
Schrodinger picture

H = Hy, + H,
H}, =2L% w.B}B,

n—n

H3, = —6 My BiBIBBys —4Y My B/BB,B .,

n,s,t n,s,t

~> M, BiBIBIBY,  , —4> M, BBIB/B, .y

n,s,t n,s,t

- ZMn,x,anB.vBtB—n—s—t (15)

n,s,t

The eigenvalues of H; up to the first-order perturbation, can be obtained from the
following relation

(1) s / 2ynt 2.2
Eﬁw,x/ =<s1,...,sj|H2S|s1,...,sj)zZ 3l ol L szle-sr. (16)
i=1 r#i Si Sy

Let |y(¢))s be the state vector in Schrodinger picture and define |1p(t))
e sty (1)), then |1p(t)) satisfies the time evolution equation

d, ~ ~ —~
i @) = Hyu (DY (1)), a7

and up to the first-order perturbation ME?)) we have
t
[y () = (1 - i/ dt1st(t1)) [¥(0)). (18)
0

For example, if |1/ff(\6)) is the vacuum state of string |0) then

nlf

n,l,s,—n — 1 —s)
T QLY 0,010,014

V(@) =

. W+ s +o,
sin wt ; ntortostoy o

X e 2 , 19)

OpF01F+ W5+ D145
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and If |wf(\6)) =|j), i.e, the string is in its j-th mode, for some j then

n s,—J .
V(@) = Z n,s,j—n—s)
\/(ZL) (OMONOFTOYE.
. (Wptws+w;_p_s—w;)
s (—" > 2/ — )t i(w,,+w5+m/-,,,,s—mj>z
2
X (@ tws+®jn—s—w;) ¢
2
1, .
+ Z n a |]1nslvs1_n_l_s>

nis VRLY o050, 15

sin ( Lotortostom.y)
2 . (wp+op+os+o, 14 6)t

x D (20)

(W + 01+ 05 +Ony145)

which gives the probability of transition |j) — |p, g, r) after passing a long time
—~ 3277yt .
(p.q.riv @) = -(jPgr)*8) prqtr

T L6
L'w,w,0,w;

X (wp + wy + w —wj) 21
We can also determine C,(¢) up to the first-order approximation to be
Cu(t) = E,e'™" + Fye™ '

S Lo ;B{BIB
5 a)% —(ws +w; — a)‘r+j7n)2

SO0 =0yt

Lfs 7jBSTBTstfj7n

’ ) i(wy+wj+wgyjn)t
+ 2 2¢
w7 @n @ 0+ o)

+
+ Z Lfs,j Bs Bj Bs+n7j ei(w.r*w‘j*w.wj—n)t
- (ws —w;j — ws+j—n)2

L., ;BB _ B;

j—s—n

T2
5,j 0)}% - (ws —Wj +ws+jfn)2

i(wy—wj g j_n)t

Ly _;B!BB,;

4 E 5 S 2ei(wj7wx7wx+i—n)[
3 w; — (W) — Wy — W51 j_p)
L,_;BIB]_, B
+ Z $:—J s—n—j PUCTRCI R
~ w? _(a)j — Wy +a)s+j7n)2
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+ Z Ls’j Bj By B”—S—f e~ @jFocto )t
w2 — (0 + w5 + 054 j—p)?

B'.. BB
+j—nPjPs —i(wj+ws—wssj_n)t
+ Y e J +j (22)
Z 0)2 (a)j + oy — ws+j7n)2

and the operators E,, F,,, can be determined from the initial conditions
Cn(o) = BL1 + B}‘h
Cu(0) = iw, B!, —iw,B,. (23)

3. INTERACTION WITH THE QUANTUM VACUUM FIELD

When the quantized vibrating string interacts with the quantum vacuum of
the electromagnetic field, the total Hamiltonian can be written as

H=H;+Hr+H =H+ Hy+ Hs+ H', (24)

where H; = Hj; + Hys, is the string Hamiltonian defined in (9), Hr is the
Hamiltonian of the vacuum field and H’ is the interaction part, defined by

3
1 1 )
Hp = /d3x |:—§nun“ +3 szl(akAv)(akA )}

H = / L, A", (25)

where T/ = dfl is canonical momentum density corresponding to A* and the

Lagrangian density of the electromagnetic field is (Greiner, 1996)
/ 1 v .
£ = —5(3MAV)(3“A ) — ju A (26)
Suppose a vibrating medium has the electrical charge density p(x), and let (X, t)
be the mechanical wave propagating in the medium, i.e, (X, t) is the departure

from the stable state of an infinitesimal element with center ¥, this vibrating
medium interacts with the quantized electromagnetic field as follows,

H = / Ju (X, ARG, Ddx = / d3xp(z)[A0(z,t)+%A°(z,r).ﬁ(;é,r)

anx,t) - . .. . an(x,t
0G0 B!

” A(x,t) —(m(x,t) - V)A(x, 1) - 27
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where p(X) is the charge density before the medium starts vibrating. We rewrite
H' up to the dipole approximation so

/ Ju, HARE, dPx ~ f Exp(X) VA, 1)

A, t
EICI)

o ) HE 1) = — [d%ﬁ(i,t)-é(},t), (28)

where P (%, r) is the electric dipole density of the vibrating medium. For the string
with a charge density o and length L stretched on the x! axis with its two ends at
x = 0and x = L, we can write the charge density field as follows

p(X) = 08(xH8(x ) (x") — u(x' — L)), (29)

where u is the step function, assume that the string vibrates only in the x? direction
such that y(x', t);j be the corresponding mechanical wave function, so by using
(28), the interaction part of the Hamiltonian can be written as

L
H'(t) = —0o f dx'y(x', H)E*(x',0,0,1) (30)
0

By defining Hy := Hy; + Hr and H” := H,; + H' such that H = Hy + H”, we
have in the interaction picture

+00
. . ; ; 1 ; 1 1
yl(xl7 l) — e’H"’y(x], O)e—zHUt — 2 : (Bne—t\w,,\t+zk,,x + B’;ret\w,,\z—zk,,x )
n=—00
+00
) . . oo Vr—it vl _; eyl
(ﬂy)[(xl,t) — elHotny(xl’ 0)€ i Hot — E |a)n|(B,‘1‘el|wn|t ikyx' Bne l|w,,\f+tknx)
n=—00

(€29)
znn
L b
Bm of the string satisfy the commutation relation (13). For electromagnetic field

we can write the following expansions in the interaction picture

where k,, = w, = Z”Lﬂ The new annihilation and creation operators B, and

Al;()_é, t) — Z( 1€ ta)kt lkx bk —ia)kt-&-il-c‘-)?)gﬂ(l_é, )\')’

,/2(2n)3wk pyars

- d3ki
n'f(x,t): _/ LWy Z kkelwkl k-3 b e lwkt-Hkx)gu(k )\)

RV 2(27‘[) W

2
E'I()—Cv’ [) =i Z/d3k '%g(lz, )")(bkkefiwkl#»ikv? _ bzkeiwklfik-)?)’ (32)
r=1
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and the creation and annihilation operators by, and b,& satisfy the computation
relation

[bis bl 1 = 818Kk — K, (33)
one can easily obtain the Hamiltonian (H)), in the interaction picture
~+00 2
(H)r=Hy=L Y wpB/B,+ / d3kakbzkbkk. (34)
n=-00 a=1

If we ignore H, in the Hamiltonian H”, i.e, H” = H’, and write H’ in the
interaction picture as

L
H(t) = —0/ yi(x', )EX(x', 0,0, t)dx', (35)
0

then by substituting y;(x', ) from (31) and E%(x!,0,0,¢) from (32) one can
obtain H,(t) and calculate the probability amplitude for various transitions. Up to
the first-order perturbation, the evolution operator U, in interaction picture, is
+o00
UPD(4o00, —00) =1—1i H;(t)dt, (36)
—00

for example, the probability amplitude for transition from |0) p ® |m), to
g, r)F ® 10)s
is

. ;o
—ioJwg; , e~ ia L _q
— N~ 7 %q,r)s — |y |) —————, 37
r oL @ @a ~ lenD=y GD

where ¢ and r are momentum and polarization of the created photon respectively,
m is the quantum number for string quanta, |0)  and |0), are electromagnetic and
string vacuums respectively. In the second-order perturbation we have

+00
UP (400, —00) =1 —i H(t)dt
—0oQ
1 400 +o0
- = / dn / Ao, T(H'(1)H' (1), (38)
2 —00 —0o0

by using of wick theorem (Greiner, 1996) the last term can be written as

1 —+00 “+o00
! f d f T (H' (1) H (1)
2 J —o0

02 +00 L 400 L
=__/ dtI/ dxlf er/ dz'
2 —00 0 —00 0

{: Gt ) EF (', 0,0, 1)y (2" 2)EF(z',0,0, 1) :
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+ 1 E7(x',0,0,1)E7(z', 0,0, 1) : (0ly;(x", 11)y1(z", 2)]0)
+ vy )y ) (01EF(x', 0,0, 1) EF(Z', 0,0, £)]0)
+ (0ly; (', )y (2", 2)I0)(O|EF(x', 0,0, 1)EF(z', 0,0,)[0)}.  (39)

where :  : denote the normal ordering. The second term under integral has no
effect on the probability amplitude of those transitions that initial and final string
states are different. The third term under integral has no effect on the probability
amplitude of those transitions that initial and final photon states are different,
also the last term has no effect on the probability amplitude of those transitions
that initial and final states both string and electromagnetic field are different. By
substituting y;(x!, #) from (31) and E3(x',0,0,¢) from (32) into the first term
in above equation, one can calculate the probability amplitude for some special
transitions. For example, probability amplitude for the transition

lm) @ |p,ri)r — |n) @ 1q, r2)p is

0'2 /a)qa)p b )
— —8 _', & _', 1 - m
T6n LVTo o (p,re’(q, r)d(wy; — |lwnl)
(e—lq 'L 1)(eip1L _ 1)
X 8(wp — |wyl) , (40

(kn — pH(km — q1)
If we keep Hy, in H”, then H” = H’ + H,, and up to the first-order perturbation,

we have +o0 L 1 4
d t
UV (400, —00) =1 — i/ dt/ dx! Y —y1(x )
oo 0 24 ox!

+oyi(x', HEH', 0,0, t)], (41)

in this case, the term 24(3) itas =0Y* has no effect on the probability amplitude

of those transitions that the initial and the final photon states are different.
In the second-order perturbation, we can write

1 +00 +00
-3 f dr, / dnT(H (1) H (1)

1 +o00 L +00 L
=—§/ dt1/ dxlf er/ dz'

—00 0 —00 0

v2 [ ey Nt o )\t
x| (2222 L (22

576 dx! az!

14% dy(x', 1) 1 2,1 .
+QT[.< oxi ) ¥z, )E“(z',0,0,1) :
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— vz, )\
. 1 2(x! .. s 12
+ 24T[.y(x ,HE“(x,0,0,1) <3—Zl> i|

— T y(x', 1) E*(x',0,0, 1) 2 y(z', ) E*(Z", 0,0, 1) :1}. (42)

The first term under integral has no effect on those probability amplitude that
the initial photon state is different from final photon state. The effect of fourth
term under integral is similar to (39) and has no effect on some of transitions.
For example, transition |m); ® |I)s]f)s ® |0)r —> |n)s ® |j)s ® |, r)F up to
the second-order perturbation, has the following probability amplitude

—yoed(p,r)  |Q2n)w,
4, [0 ;0 0,0 L

e 'L

x yminjd(w, + w; — w, — w))d(ws — wp)5m+1,n+jpl_—2Lf
2

e~ 'L
+mfnjé(w, + Wi — Wy — wf)s(wl - wp)‘strf,nJrj 1 2al
2

. emir'l —
+1fnjé(w, +w; —w— wf)(s(wm _wp)(SH—f,lH-jm}’ (43)
L
which is only the effect of the second and third term in (42). That is only the non-
linear term % 32 (G oy )4 in Hamiltonian (5) has a non-zero effect in this probability. Also
the probablllty amplitude for transition |[m); ® |I); @ | f)s @ 1j)s R [0)p —>
In)s ® |p, ) F is

—yoed(p,r) | Q2r)w,
4, [0[0  0 0,0; L

e—iplL -1
x Aminf8(o, — w5 — 0y — 0)8(@) — ©p)utisfn——57
P -
efip]L -1
+minjd(w, — o) — op — 08 = ©p)omitj _ S
L
e—iplL -1
+ifnjdlwn —wj —wr — 0f)5(@n — @p)8itf1jn pl — 2
e—ip‘L -1

+mfnjé(w, — w; — 0y — wyp)s(w — wp)3m+.f+jq"—p1 — 2l (44)
L
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which is only due to the effect of non-linear term 5 4( Yyt

4. THE EFFECT OF VACUUM FIELD AND RADIATION REACTION

In this section, we use the Coulomb gauge for finding the radiation reaction
effect. For this purpose, let us write the free part of the electromagnetic field as

1 R . .
Hy= > / Ex(EN + (EY?* +2EL E' + B?) (45)
where E+ = —%—’} and E| = —V A%, H. can be rewritten simply as
1 ERPEIICIEC N | TIPS o
Hp =5 | &x(E7) + B)+ o [ dxjo(x, DAY, 1), (46)

where the last term is the Coulomb interaction of the string with itself which
clearly is divergent and we may ignore it because we are not interested in self
interaction effects. So the effective Hamiltonian can be considered to be

2

1 B, B, 1
H = Hg = §/d3x((EJ-)2 + BZ) — Z(uk <agx(t)ak)\(z‘) + 5) y (47)

and accordingly the total Hamiltonian is

H=H,+Hz+H

2
1 O .
= H + Za)k (a,f}\(t)akx(t) + 5) — fdx3j(x, 1).A(X, 1), (48)

A=l

where H; is defined in (5). The interaction part of the Hamiltonian (27) up to
the electric dipole approximation is given by (30) which gives the Heisenberg
equation for y(x!, 1) as

Py o, 3%y '\ %y
_ = E? 0,0,¢ 49
a2 Vaae T 2 (ax ) e O (', 0.0.0). 49

The vector potential A and transverse electrical field are defined by (Milonni, 1994)

Z(am)e*"” +af, (e EE, 1)

A =
@0 = /,/2(2;1) Sy £

37 . 2 o - N
E*@, 1= / \/5(2]“_;"3" Y (@ @)et ™ — af, (e FNEE, 1), (50)
) Wk 5
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where the time dependence of ay; (¢) is not simply as ag,e "’ and must be
specified by Heisenberg equation so

a.(t) = i[H, ai; ()] = i[Hy + Hp + H']

L
w, g 1
——ivan0 =0 [ @ [ a6

where we have used the commutation relations [ay (1), agx(z‘)] = 8)\,\/6(/_5 — Ig’).
A formal solution for above equation can be written as

a(t) = ag(0)e ™!

: L
Wk 2.7 / iw(t—t") N —iklz
.y s(k,/\)/ dt'e f day(e, e e, (52)
2(2m)3 0 0 Y

now by substituting a; (¢) from Eq. (52) in electrical field expression (50), one
obtains the electrical field as the sum of two parts, the first part is nothing but the
vacuum field which is

2
E2 1,0, 0,¢t) = /d3k @k 0 —iwypt+ik'x!
o(x ) =i ToaT g(akk( )e

—al (0K e k), (53)

the second part is the radiation reaction field

o 2¢ T 2 N
E2(x',0,0,1) = ~ G /0 dy /O do sin 0y "(e7(k. 1))*
r=1

t L 83
x/ dt’/ dzy(z, 1) 8t — 1t/ + (x' = 2)cosd). (54)
0 0 a'y?

Integration by parts respect to ¢’ and then inserting Zizl(ez(lz, MNP =1-—
sin® 6 cos® ¢ and doing integrals with respect to 6, ¢, we at last come to the
following relation for radiation reaction component

o L 00 (I’)’l + 1)(xl _ Z)Zm 82m+3
Efr(x',0,0,1) = ;/ dzy sy(z, 1), (55)
0 m=0

2m)!2m + 1)(2m + 3) 9r2m+

the first term, i.e, m = 0 gives the first-order approximation of E]%R

L 33y(z,t
E]%R(x‘,o,o,w:%/ R
0

that may be compared with radiation reaction field due to one-dimensional har-
monic oscillator (Milonni, 1994). Using (56), the Heisenberg equation (49) can

; (56)
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be written like this

Py L, Py oy @y (ay)
ax!

a2~ U aiye  240(x)y

0,2 L 83 7,t
+ 2 e 2en

E2(x',0,0,1).
37'[ 0 3t3 +G O(x )

REFERENCES

1585

(57)

Dalibard, J., Dupont, J., and Cohen-Tannoudji, C. (1982). Journal de Physique, 43, 1617; 45 (1984)

637.

Faria, A. J., Franca, H. M., and Malta, C. P. (2004). The Schrodinger picture and the zero-point

radiation, Quant-ph/0409117, 1.
Greiner, W. (1996). Field Quantization, Springer-Verlag.
Itzykson, C. (1985). Quantum Field Theory, Mcgraw-Hill.
Milonni, P. W. (1994). The Quantum Vacuum, Academic Press.



